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We report on a numerical experiment performed to analyze fluctuations of the entropy production
in turbulent thermal convection, a physical configuration that represents here a prototypical case of
an out-of-equilibrium dissipative system. We estimate the entropy production from instantaneous
measurements of the local temperature and velocity fields sampled along the trajectory of a large
number of point-wise Lagrangian tracers. The entropy production is characterized by large fluctu-
ations and becomes often negative. This represents a sort of "finite-time" violation of the second
principle of thermodynamics, since the direction of the energy flux is opposite to that prescribed by
the external gradient. We clearly show that the fluctuations of entropy production observed in the
present system verify the fluctuation relation (FR), even though the system is time-irreversible.
Introduction Fluctuations of physical systems close to
equilibrium are well described by the classical linear-
response theory [1–4], which gives precise predictions on
the behavior of the systems and leads to the fluctuation-
dissipation relations. Current knowledge of the dynam-
ics of systems far away from equilibrium is instead much
more limited. The introduction of the so-called fluctu-
ation relation (FR) [5–9] has represented a remarkable
result in this area of physics. The FR for nonequilibrium
fluctuations reduces to the Green-Kubo and Onsager re-
lations close to equilibrium [10–13] and represents one of
the few exact results for systems kept far from equilib-
rium. However, a general response-theory for this kind
of (nonequilibrium) systems is still to be produced. This
suggests that new analyses are required to investigate the
behavior of nonequilibrium fluctuations, in particular for
macroscopic chaotic systems [14, 15].
Turbulence represents an archetype of a macroscopic
dynamical system characterized by a large number of de-
grees of freedom and by strong fluctuations. For its in-
trinsic chaotic nature, turbulence appears as a paradig-
matic case to which apply, cum grano salis, FR [16]. If
positively verified, this would strengthen the link between
turbulence and nonequilibrium statistical mechanics. In
particular, it would justify the hypothesis that a general
response theory can be applied also to time-irreversible
systems, at least with the purpose of computing their
statistical properties. Given the theoretical and practical
importance of these issue, FR in turbulent flows has been
extensively investigated in the past [17–23]. However, a
satisfying statistical description of entropy fluctuations
in turbulence is still to be obtained, essentially because
of the technical problems associated to the experimen-
tal measure of fluctuations in chaotic systems [24] but
also to the difficulties in performing accurate numerical
simulations. One of the central issues when discussing
FR remains the choice of a convenient observable (to be
measured and analyzed). In this work we focus on tur-
bulent Rayleigh Bénard convection, with the final pur-
pose of addressing the following issues: i) the choice of
a representative observable to compute fluctuations; ii)
the presence of large deviations of this quantity beyond
the linear regime; iii) the applicability of FR to turbulent
thermal convection.
For our scope, we use Direct Numerical Simulations
and Lagrangian particle tracking of pointwise tracers,
which we use as probes to measure the local thermo-
dynamic quantities of the system. The fundamental idea
of our approach is that turbulence share similarities with
the microscopic nature of heat flows, and turbulence fluc-
tuations correspond to thermal fluctuations [25]. With
this in mind, we have chosen a configuration similar to
that studied in stochastic thermodynamics [26], which
consists of a system kept in contact with two thermostats
at different temperature and characterized by a fluctu-
ating current. If our hypothesis is more than a mere
analogy but a physical instance, we may expect global
fluctuation relations to hold also in thermal convection.
A key ingredient in our study is the use of a Lagrangian
point of view, which is specifically suited to study the
global transport properties of the flow [27]. We will show
that entropy production can be evaluated by looking at
the work done by buoyancy on moving fluid particles.
Provided that the correlations of the measured quanti-
ties decay fast enough, we show that for finite time en-
tropy production exhibits large fluctuations (being often
negative) and fulfills FR. Our results complement recent
works on granular matter, a simple but complete model
used to describe macroscopic irreversible systems. For a
granular matter, theory and numerical simulations agree
in verifying FR, once a correct fluctuating entropy pro-
duction is selected [28–30].
Model. We consider a turbulent Rayleigh-Bénard con-
vection, in which an horizontal fluid layer is heated from
below. Horizontal and wall-normal coordinates are indi-
cated by x1, x2 and x3, respectively. Using the Boussi-
nesq approximation, the system is described by the fol-
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Figure 1. Contour maps of the temperature distribution in the
convection cell for Ra = 109. We keep the Prandtl number
Pr = 4 and we vary the Rayleigh number between Ra = 107
and Ra = 109. The domain has dimensions Lx1×Lx2×Lx3 =
4pih × 4pih × 2h and is discretized using up to 512 × 512 ×
513 grid nodes. The reference velocity is the free-fall velocity
uref = (gα0h∆T/2)
1/2. (b) Example of tracers trajectories
for Ra = 109 colored by the local velocity magnitude. Further
details on the numerical method can be found in [31–33].
lowing dimensionless balance equations
∂ui
∂xi
= 0, (1)
∂ui
∂t
+ ui
∂ui
∂xj
= − ∂p
∂xi
+ 4
√
Pr
Ra
∂2ui
∂x2j
− δi,3θ, (2)
∂θ
∂t
+ ui
∂θ
∂xj
= +
4√
PrRa
∂2θ
∂x2j
, (3)
where ui is the ith component of the velocity vector, p is
pressure, θ = (T − T0)/∆T is the dimensionless temper-
ature, ∆T = TH − TC is the imposed temperature dif-
ference between the hot bottom wall (TH) and top cold
wall (TC), whereas δ1,3θ is the driving buoyancy force
(acting in the vertical direction x3 only). Periodicity is
imposed on velocity and temperature along the horizon-
tal directions x1 and x2, whereas no slip conditions are
enforced for velocity at the top and bottom walls. The
fluid kinematic viscosity ν0, thermal diffusivity κ0 and
thermal expansion coefficient α0 are evaluated at the ref-
erence fluid temperature T0 = (TH +TC)/2 ' 29oC. The
Prandtl and the Rayleigh numbers in Eqs. (2)-(3) are
defined as Pr = ν0/k0 and Ra = (gα0∆T (2h)3)/(ν0k0),
with h = 0.15 m the half domain height and g the accel-
eration due to gravity. An example of the temperature
distribution inside our convection cell is given in Fig.
1a. To measure the local values of the field variables,
we make use of a Lagrangian approach. The dynamics of
Np = 1.28 · 105 Lagrangian tracers is computed as
x˙p = u (xp(t), t) θp = θ (xp(t), t) , (4)
with xp = (xp,1, xp,2, xp,3) the tracers position, x˙p =
(up,1, up,2, up,3) their velocity and θp their temperature.
A visualization of different particle trajectories (colored
by the local velocity magnitude) is shown in figure 1b,
highlighting also the chaotic nature of the flow.
Fluctuation relation (FR) concerns the symmetry of
a representative observable, which is typically linked to
the work done on the system, and, through dissipation,
to irreversibility. For a Markov process, whose dynam-
ics is described by x˙(t) = u(x(t), t), the representative
observable can be written as [34]
βWt =
1
t
log
Π({x(s)}t0)
Π({Ix(s)}t0)
, (5)
where {x(s)}t0 and {Ix(s)}t0 are the direct and the time-
reversed trajectories in the time interval [0, t] respec-
tively, while Π indicates probability and β is a suitable
energy scale of the system (for small systems β−1 = kBT ,
with kB the Boltzmann constant and T the absolute tem-
perature of the system). When FR applies,
log
Π(βWt = p)
Π(βWt = −p) = tp, (6)
where Wt is usually called "produced entropy". Note
that the choice of a representative observable quantity is
crucial to verify the fluctuation relation. Entropy pro-
duction for a Markov process is usually defined based on
the dynamical probability, a quantity that is generally
not accessible in complex systems. Previous experimen-
tal studies on macroscopic chaotic systems focused on
the behavior of the injected power, a measurable quan-
tity that however was found to depart from the predic-
tions given by the FR [28, 35]. In the present case, we
start from the balance equation for the turbulent kinetic
energy Et = 1/2〈u′iu′i〉, where brackets 〈〉 indicate sta-
tistical average and u′i = ui − 〈ui〉 velocity fluctuations.
Since the system is homogeneous along the x1 and x2
directions, we obtain
∂Et
∂t
+
∂
∂x3
(〈Etu′3〉+ 〈u′3p′〉) = 〈u′3θ′〉 − 〈〉, (7)
where 〈〉 = 4
√
Pr
Ra
(
∂2〈Et〉
∂x23
+
〈
∂u′i
∂xj
∂u′i
∂xj
〉)
is the turbulent
dissipation and θ′ is the temperature fluctuation. The
volume-averaged steady state solution gives 〈u′3θ′〉 = 〈〉.
This provides also an estimate of the entropy production,
which from thermodynamics is 〈〉/〈T 〉. Specifically, we
3focus on the term W = ρ0gα0θ′pu′3,p, which we measure
along the path of the Lagrangian tracers and that rep-
resents the power spent by buoyancy to displace a fluid
parcel. Note that W quantifies the vertical flux of en-
ergy and is therefore also linked to the vertical Nusselt
number [31, 36]. Warm fluctuations θ′p > 0 produce a
positive energy flux when associated to positive vertical
velocities up,3 > 0, whereas cold fluctuations θ′p < 0 pro-
duce a positive energy flux when associated to negative
vertical velocity up,3 < 0.
We now consider the time-averaged (but fluctuating)
expression of the global energy balance of the system,
∆Uτ = Wτ +Qτ , where
Wτ =
1
τ
∫ τ
0
Fext(t) · u(t)dt = 1
τ
∫ τ
0
ρ0gα0θ
′
pu
′
p,3dt (8)
and Fext is the external force field due to gravity, whereas
∆Uτ and Qτ indicate internal energy and heat, respec-
tively. In the limit τ → ∞, 〈∆Uτ 〉 = 0 and the en-
ergy balance of the system becomes 〈Wτ 〉 = 〈Qτ 〉. Al-
though work and heat fluctuations are generally different
in stochastic systems [37], we believe that Wτ can give a
good estimate of entropy production.
Results
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Figure 2. Lagrangian correlation RW as a function of the time
lag τ for the three different Rayleigh number. The collapse
of the correlation function upon rescaling of the time lag τ
by the integral time scale τC is explicitly shown in the inset.
Note that τC = 100 s for Ra = 107, τC = 25 s for Ra = 108
and τC = 7 s for Ra = 109.
In the following, we will assume that time-averages
are equivalent to ensemble averages (ergodicity). This
assumption is justified if the correlation function of W ,
RW = 〈W (t)W (t+ τ)〉/〈W 2〉, computed after a statisti-
cally steady state is reached, exhibits a fast decrease in
time [38]. To verify this, we explicitly compute RW (τ)
for each Ra as a function of the time lag τ . Results
are shown in Fig. 2. We observe that RW is charac-
terized by an exponential decay exp(−t/Γ), whose decay
rate 1/Γ increases with increasing Ra. As a consequence,
velocity and temperature fluctuations decorrelate faster
for large Ra, due to the larger fluctuations observed for
increasing Ra. The fast decay of the correlation func-
tion happens also in Anosov dynamical systems and in
Markov processes, and is a key feature to obtain steady
FR[4]. From the behavior of the correlation function
RW , we are able to compute the integral correlation time
τC =
∫∞
0
RW (τ)dτ . Upon rescaling of the time lag τ by
τC , the correlation functions RW computed at different
Ra collapse (inset of Fig. 2). For τ/τC > 1 the value
of the correlation is already RW < 0.2, indicating that
from τ ' τC the signal is only barely reminiscent of the
starting condition. This means that τC is a representa-
tive time scale of the system and suggests that FR can
be conveniently tested for τ/τC > 1.
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Figure 3. Probability density function (Π) of the normalized
energy flux p = Wτ/〈Wτ 〉 for Ra = 109 and for different
values of the averaging time window τ/τC . The behavior of a
Gaussian distribution is explicitly indicated by the solid line.
Results from simulations at Ra = 107 and Ra = 108 are not
shown here because they are qualitatively similar to those at
Ra = 109 and do not add to the discussion.
Starting from the Lagrangian measurements of W , we
compute the probability density function (Π) of the nor-
malized functional p = Wτ〈Wτ 〉 for different values of τ ,
shown in Fig. 3. For τ/τC = 0, Π(p) is highly asym-
metric, with the most probable value occurring for p = 0
and with positive fluctuations being larger than negative
ones. The asymmetry of Π(p) persists also for increas-
ing τ/τC and disappears only when the average is done
on a rather large time window (τ/τC ≥ 40). In particu-
lar, for τ/τC ' 40 the distribution peaks around p ' 1
and recovers an almost gaussian distribution. Note that
at this stage (τ/τC ≥ 40), the probability of negative
events becomes essentially zero. These observations sug-
gest that, although the imposed mean temperature dif-
ference between the walls induces a net positive vertical
energy flux ( 〈W 〉 > 0), W can often be negative. The
occurrence of countegradient fluxes of global transport
properties (such as the Nusselt number) is an extremely
important phenomenon that has been also observed in
other situations [39]. From a physical point of view, small
4positive and negative values ofW are produced by turbu-
lence, which is uncorrelated with the temperature field.
These small positive and negative values of W balance
each others and do not contribute to the average heat
transport [23]. Only large velocity and temperature fluc-
tuations produced by thermal plumes (rising hot plumes
and falling cold plumes) are correlated and contribute to
the positive mean heat flux.
It is reasonable to expect that the fluctuations of p are
governed by a large deviation law Π(p) ∼ eτζ(p), with ζ
concave. Then, from the behavior of Π(p), we measure
the quantity
ζ(p)− ζ(−p) = σ(p) = 1
τ
log
Π(p)
Π(−p) (9)
for different averaging time τ/τC taken in the range 1 <
τ/τC < 30. The resulting behavior, given in Fig. 4,
nicely shows that σ(p) is a linear function of p,
σ(p) = αp. (10)
In particular, we observe that the slope α of the curve
increases with increasing Ra and tends (for Ra = 109)
to α = β〈Wτ 〉, as theoretically predicted by the FR. As
already mentioned, β is a suitable and representative en-
ergy scale of the system. Following the Kolmogorov cas-
cade picture [40, 41], to study the microscopic nature of
the fluctuations we assume that β−1 is the energy of the
dissipative scales β−1 = (kBT )turb = 1/2ρ
∫
k>kR
E(k)dk,
with kR the wavenumber characterizing dissipation ( i.e.
KRη ' 1, with η the Kolmogorov lengthscale). The value
of β is obtained from the turbulent kinetic energy spec-
trum E(k), as shown in Fig. 5.
Conclusion In this letter, we have used a Lagrangian
approach to study fluctuations of entropy production in
turbulent thermal convection. Entropy production has
been evaluated from the local measurements of the quan-
tity Wτ ∝ θ′pu′3,p (work done by buoyancy on fluid parti-
cles) along the trajectory of individual Lagrangian trac-
ers. We have shown that Wτ is often negative, and is
characterized by fluctuations that follow the FR beyond
the linear regime, provided that a representative energy
scale for dissipation is suitably identified. This result
sheds new light on turbulence, allowing an a priori es-
timate of the behavior of fluctuations of energy flux or
entropy production and giving access to the Cramér func-
tion.
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